Abstract-An easily applicable algorithm to solve problems involving bulk-arrival queues with a breakdown of one of the heterogeneous servers in case of steady state is introduced. A Monte Carlo study for numerically finding the limiting distribution of the number in the system for the bulk arrival, multi-server queueing model (M[x]/EK/C; C-1/FCFS) with heterogeneous servers is presented. The system consists of servers of varying efficiency. This paper presents multi-channel queue with Poisson arrivals, Erlangian service time distributions in which all servers have equal breakdown chance. Measures of system performance including mean queue length, mean waiting time, and blocking probability are reported. Numerical results are obtained by simulation of the entire system. Examples of extensive numerical results for certain measures of efficiency are presented in tabular and chart form. In all cases, the proposed method is computationally efficient, accurate and reliable for both high and low values of the model parameters.
the system temporarily. Service is on a first come, first served basis. There is no limit on queue length.
The paper presents different numerical measures of the system performance such as the expected number of customers in the system and in the queue, the expected waiting time per customer in the system and in the queue, the blocking probability and the probability that no customers in the system. The paper is organized in 5 sections. Section 2 presents a description of the study design and introduces notation and basic assumptions for the model under study. Section 3 describes the procedure and steps used for the analysis of the system together with code and routines used. Section 4 discusses extensive Monte Carlo results obtained from analyzing the system. The results include different tables and graphs. Finally, section 5 concludes the paper.
MODEL DESIGN AND NOTATION
The model under study is (M [x] /E k /C; C-1/FCFS) where groups of customers (bulk) arrive at random times with mean bulk arrival rate λ. The group size is namely positive Poisson distributed. The queueing system under study has heterogeneous servers where service time has an Erlang type k distribution. In analyzing such a model, it is convenient to consider the Erlang as being made up of k exponential phases, each with mean 1/ (kµ S ). Our system alternates between two levels of system operations, this is due to breakdown of one of the servers. This means that only one server is allowed to breakdown randomly according to a discrete uniform distribution that assigns one of the servers to be out of service where the server breakdown has equal chance over all servers in the system. The mean time that the system operates with C servers and (C-1) servers is 1/α and 1/β respectively. The queue discipline for groups is FCFS while the service discipline within the bulks is based on randomly choosing one of the customers mentioned earlier. The conditional probability of the customer waiting for d departures before his service commences given the state of the system n just before the arrival of the bulk is given by: Customers of a certain group are served randomly. If X is the size of a bulk then customer i, i =1,2,…,X has the same chance of joining service. In order to generate an equal chance to all customers in a given batch of size X, either a uniform assignment of the order in which they may be served is used or using a predefined permutation sequence. This permutation routine helps to recognize every customer in the batch.
Notation used for the model can be summarized by:
Number of parallel servers.
λ :
Mean bulk arrival rate.
µS :
Constant service rate of a server number S; 1≤S ≤C. µ :
Expected service rate of servers.
K :
The first phase of service.
:
The last phase of service. m :
The average bulk size.
The average queue length.
The average waiting time per customer in the system.
The average number of customers in the system.
The average waiting time per customer in the queue. Level-1:
All C servers are available for serving the customers in this level. Level-2:
All (C-1) servers are available for serving the customers in this level.
The probability of having no customers in the system when the system is in level-i, i= 1,2.
Transition rate from level -1 to level-2.
Transition rate from level -2 to level-1.
The blocking probability that defines the probability that all servers are busy.
ρ :
The traffic intensity.
N :
The number of groups. 
PROCEDURE
The procedure for studying the previously discussed system can be described in the following steps: 1-Generate 10000 interarrival times for 10000 different batches from exponential distribution with mean 1/λ with each batch size randomly generated from a positive
Poisson distribution with parameter θ.
2-
The service times for each customer in the successive batches are generated from Erlang distribution with mean 1/µ S > 0; 1≤S ≤C for each server. The system alternates between two modes of operations with equal breakdown chance for each of the C servers, using an exponential distribution with mean 1/α and 1/β for the intervals of time in which the system operates in level-2 or level-1 successively. 3-Determine the event time of breakdown and repair for each server. 4-Determine the cumulative number of customers that enter the system as the sum of batch sizes that arrive to the system and determine the arrival time for each batch. 5-An arriving batch finds the system in either level-1 or level-2. If the arrival time of a batch is greater than the event time of breakdown and less than the event time of repair, the system will be in level-1. While if the arrival time of a batch is greater than the event time of repair and less than the event time of breakdown, the system will be in level-2. 6-Based on the system mode and the relation between the time of next batch arrival and the departure time of the previous batch, increment accordingly the number of batches for level-1 or level -2 by one. 7-An arriving customer in batch will immediately start service if one of the servers is free or wait until any server becomes free and this continues until all customers in a given batch are served.
8-Calculate TOSC, WTQ, WTS, TBS, CUMWTQ, CUMWTS, and TOB. 9-If a server is broken down during serving a certain customer, this customer will quit service and will start service at the first server available. 10-This continues till 10000 batches are generated. 11-The probability that the system is in level-i, i= 1,2 while there is no any customer in the system i , 0 P , the probability that no customers are in system 0 P , and the blocking probability P B are calculated. 12-Calculate 
SIMULATION RESULTS AND PERFORMANCE ANALYSIS
Now, the results from the extensive Monte Carlo study described earlier will be presented and analyzed. The model performance is tested extensively for values of (ρ, C, X) with 0.1≤ρ≤0.9, 1≤C≤100 and batch size X≤100. Based on the methodology explained in the previous section, the input data includes the number of servers C, the number of batches N, the parameter of size of batches θ, mean service time 1/µ S , 1≤S≤C, mean interarrival time 1/λ, the mean time that the system operates with C servers 1/α and the mean time that the system operates with (C-1) servers 1/β. Different performance measures are calculated. These measures include L Q , L S , W Q , W S , P 0 , and P B .. Two models are considered:
• In the first model the queueing model (M [x] / E 2 /5; 4/FCFS) is considered.
• In the second model the queueing model (M [x] / M /3; 2/FCFS) is considered. The first model assumes that the system operates initially with five heterogeneous servers (system is in level-1). When one of the servers is broken down, the system operates with four heterogeneous servers (system is in level-2). After the repair of the broken server and putting it back into service, the system re-operates with five heterogeneous servers again. Hence, the system alternates between two modes of system operations. The service time has Erlang type 2 distribution with parameter µS > 0, where µS is the service rate of server number S; 1≤S ≤C. The size of groups followed positive Poisson distribution with parameter θ >0. There is no limit on system capacity. FCFS is the queue discipline (first-come, first-served).
In order to carry out the extensive Monte Carlo experimentation different input values are needed. These input values are considered as the input parameters for the designed computer routine. The input parameters include 1
Tables (1-6) give different system performance measure variations with traffic intensities ρ = mλ/C µ and the relative transition rate α/(α+β (see also [1] for more details).
Results from tables 1, 2, 3, and 4 are shown graphically in figures 1,2, 3, and 4 respectively. For example, figure 1 indicates the relation between traffic intensity ρ and average number of customer in the queue L Q with the change of relative transition rate α/(α+β) denoted REL in the figure. Fig1: ρ versus L Q for (θ=7.997309, m=8, C=5) Table 2 The probability that no customers are in the system at the arrival batch (Mean size of bulk=8) (Number of Table 5 Average number in the system (Number of servers: 5) (Mean size of bulk=8) The second model studies the case with heterogeneous servers (M [x] / M /C; C-1/FCFS) which is a special case of the model ((M [x] / E k /C; C-1/FCFS) with heterogeneous servers which occurs when K=1.
In this model, the system is assumed to operate initially with three heterogeneous servers (system is in level-2) and when one of the three servers is broken down, the system operates with two heterogeneous servers (system is in level-1). After the repair of the broken server and putting it back into service, the system re-operates with three heterogeneous servers again. Hence, the system alternates between two modes of system operations. The service time has Exponential distribution with parameter µ S >0, where µ S is the service rate of server number S, 1≤ S ≤ 3. The size of bulks followed positive Poisson distribution with parameter θ >0. There is no limit on system capacity. The first-come, first-served is the queue discipline.
For the second model, similar results in tables and graphs are given in tables 7-10 and figures 5 -8. The probability that no servers are idle in the system (Mean size of bulk = 8) (Number of servers: 3) 1-The most effect on the average number of customers in the system and in the queue is happening when the traffic intensity ρ is very close to unity. The absence of one server affects the average number of customers as traffic intensity gets near the unity (heavy traffic). (See tables 1, 7 and 5, 12). 5-The average waiting time in the queue and in the system is highly affected by the absence of one of the servers for both low and high traffic intensity. (See tables 3, 6 and 9, 11). 6-The probability of having no customers in the system P 0 at an arrival batch i.e. the percentage of time the system is idle is not highly affected by the absence of one of the servers, but it decreases as the traffic intensity increases. (See tables 2 and 8). 7-The probability that no servers are idle in the system P B is affected by the increase of traffic intensity, where it increases as the traffic intensity increases. So the blocking probability has remarkable effect resulting from absence of one of servers where it increases as the relative transition α/(α+β) increases. (See tables 4 and 10).
8-The results show in tables 7 to 12 for the model (M [x] / M /3; 2/FCFS) illustrate that the results with the absence of one server is much more noticeable than the results show in tables 1 to 6 for the model (M [x] /E k /5; 4/FCFS). Where, in the first model the service time has Exponential distribution and the number of servers is fewer than the number of servers in the second model. 9-The results show in tables 7 to 12 for the model (M [x] /M /3; 2/FCFS) illustrate that the results with heterogeneous servers and the absence of one servers is much more noticeable than the results for the model (M [x] /M/5; 4/FCFS) with homogeneous servers and increasing of mean of size of bulk which described in [1] (i.e. the performance measures for model (M [x] /M/3; 2/FCFS) with heterogeneous servers are noticeable highly affected than the model (M [x] /M/5; 4/FCFS) with homogeneous servers when the traffic intensity ρ is very close to unity and an absence of one server.
Finally, this paper introduces an easily applicable algorithm to solve problems involving bulk-arrival queues with a breakdown of one of the heterogeneous server in case of steady state. This approach was preferred to producing large tables of exact results, varying the queueing parameters because of the endless list of possible combinations when applied to bulk queues and one of the servers break down. The performance measures are changed in response to the changes of the operating parameters. We documented the behavior of the system when one of the servers temporarily leaves the system with useful graphical representation to give the reader an opportunity to watch the system behavior over the traffic intensity and the relative transition rate.
